
Math 250 2.7 Precise Definitions of Limits (epsilon-delta) 

~. Objectives 

" 1) Use absolute value to express distances 
2) Give a function, a value x = a , a limit L, and a numerical value of epsilon 8, find a numerical value of 

delta t5 from a graph if 
a. Function is symmetric about x = a 
b. Function is not symmetric about x = a 

3) Learn the precise definition (using epsilon, delta, N) of 

a. Finite limit 
b. Infinite limit 

4) Understand and use the Triangle Inequality 

5) Write an epsilon-delta (e - o) proof for 

a Finite limit 
b. Infinite limit 

Recall: lim/(x) = L means "as x approaches a (from either the left or the right), f(x) approaches L", where L 
X-'>O 

is a y-coordinate. 

The distance from an arbitrary value x to a, regardless of whether x <a or x >a, fa \ 'X ~(,\._ \ 

,,-.__ If x * a , then this distance is always positive, meaning j 1< - {\... \ > D OL \.~-A-) 

Similarly, the distance from f(x) to Lis \ + ( ~) - L \ 

Definition of a (Finite) Limit 

limf(x) = L means that for any value of e, there is a t5 so that lf(x)-LI < e whenever Ix-al< t5 
X-'>O 

Definition of an Infinite Limit 

limf(x) = oo means that for any value of N > 0, there is a 8 so that f(x) > N whenever Ix - al< 8 
X-'>O 

limf(x) = -oo means that for any value of N > 0, there is a t5 so that f(x) < -N whenever Ix-al< t5 
X-'>O 

Steps for Writing an (e - o) Proof 

Step 1: Work backward, using Nor e, to find t5 in terms of Nor e. Namely, start from lf(x)- Lj < e or 

f(x) > N ot f(x) < -N, substitute algebra for f(x), make algebraic changes until you have Ix-al< 8, where 

t5 is defined as an expression involving Nor s . 

:,_..~.Step 2: Write the actual proof, starting with jx-aj < t5, reversing the algebra of step 1 until lf(x)- Lj < e or 

f(x) >Nor f(x) < -N results. 

Triangle Inequality can be helpful with the algebra: jx + YI ~ lxl + IYI 



/. 

Practice and Examples 

{

lx+2- x :;t: 3 
~\) Consider the function f(x) = 2 2 

undefined x = 3 

a. Sketch the graph for x > 0 

b. Find lim/(x) = L from the graph. 
X-43 

c. If & = 1, find o so that lf(x)- LI< & whenever jx- al< o 
d. If & = .5, find o so that lf(x)-LI < & whenever Ix-al< o 

2) Consider the function/(x) = x3 -6x2 +12x-5. Use GC to graph to find lim/(x) = L and answer: 
X-42 

a. If & = 1, find o so that lf(x)- Lj < & whenever jx-al < o 
b. If & = .5, find o so that If (x)- LI< & whenever Ix- al< o 

{

2x-1 x < 2 
3) Consider the function f ( x) = 1 

-x+2 x>2 
2 

a. Sketch the graph for x > 0 and find lim f ( x) = L from the graph. 
X-42 

b. If & = 2, find 8 so that If (x)- LI< & whenever Ix-al< 8 

c. If & = 1, find 8 so that jJ(x)- LI< & whenever Ix - al < 8 

,,---, ) Write a proof that lim(4x -15) = 1 
X-44 

5) Write a proof that lim ( 
1 

)2 = oo 
X-42 x-2 
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